that there is a Hamilton path between any vertex x ∈ X and y ∈ Y .
Introduction
In this paper, only connected graphs without loops and multiple edges are considered.
A graph G is bipartite if its vertex set can be partitioned into two subsets X and Y , such that every edge has one end in X and one end in Y . The partition (X, Y ) is called the bipartition of graph G. X and Y are its parts. The graph G is balanced bipartite when |X| = |Y |. Let G = G(X, Y, E) be a balanced bipartite graph with the bipartition (X, Y ) and edge set E(G). The quasi-complement of G, denoted by G, is a graph with vertex set V ( G) = V (G) and edge set E( G) = {xy|x ∈ X, y ∈ Y, xy / ∈ E(G)}. Let e(G) and δ(G) be the number of edges and minimum degree of graph G, respectively. The set of neighbours of a vertex u in G is denoted by N G (u) and let d G (u) = |N G (u)|. For S ⊆ V (G), the induced subgraph G[S] is the graph whose vertex set is S and edge set is {uv ∈ E(G) | u, v ∈ S}. The disjoint union G 1 + G 2 of two graphs G 1 and G 2 , is the graph with the vertex set V (G 1 ) ∪ V (G 2 ) and edge set E(G 1 ) ∪ E(G 2 ). K m,n is the complete bipartite graph with parts of sizes m and n.
A path or cycle of G is called a Hamilton path or Hamilton cycle if it passes through
all the vertices of G. A graph G is called traceable or Hamilton if G has a Hamilton path or Hamilton cycle. A graph is Hamilton-connected if any two vertices are connected by a Hamilton path. Let P be a path of G with a given direction. For two vertices x and y on P , we use x − → P y (x ← − P y) to denote the segment from x to y of P along (against) the direction.
Note that any bipartite graph G = G(X, ) be the graph obtained from K n,n by deleting all edges of one subgraph K t−1,n−t . It is obvious that Q t n is weakly Hamilton-connected.
Let A(G) and D(G) be the adjacency matrix and degree matrix of G, respectively.
The largest eigenvalue of A(G) is called the spectral radius of G, denoted by ρ(G). Let The problem that a graph is Hamilton or not has attracted many interests (see [3] , [8] , [14] and the references therein). In Sections 2-4, we present some degrees, number of edges, and spectral radius conditions for a simple balanced bipartite graph to be weakly
Q(G)
Hamilton-connected, respectively.
Degrees and weakly Hamilton-connected bipartite graphs
We first state a known consequence as our tool which has been used to prove a simple graph to be Hamilton-connected.
Lemma 2.1. (Berge [6] ) Let H be a class of simple graphs of order n satisfying the following conditions:
(1) If G ∈ H , each edge of G is contained in some Hamilton cycle.
(2) If G ∈ H , the graph G ′ obtained from G by adding any new edge also belongs to H .
Then G is Hamilton-connected.
Note that simple balanced bipartite graphs are also simple graphs. By Lemma 2.1, the following corollary holds.
Corollary 2.1. Let B be a class of simple balanced bipartite graphs of order 2n satisfying the following conditions:
(1) If G ∈ B, each edge of G is contained in some Hamilton cycle.
(2) If G ∈ B, the graph G ′ obtained from G by adding any new edge also belongs to B.
Then G is weakly Hamilton-connected.
Next, by Corollary 2.1, we obtain Theorem 2.1 and Lemma 2.2.
Theorem 2.1. A bipartite graph G = G(X, Y, E) with X = {x 1 , x 2 , . . . , x n } and Y = {y 1 , y 2 , . . . , y n } is weakly Hamilton-connected if G satisfies the following property: for any
, every vertex y i with d(y i ) ≤ n − k + 1 is adjacent to at least one vertex in Γ. And the same result holds while x i and y i are interchanged.
Proof. By contradiction. Suppose that G is not weakly Hamilton-connected, then G is contained in a maximal non-weakly Hamilton-connected bipartite graph G * ( It means the addition of any new edge to G * makes a weakly Hamilton-connected bipartite graph).
By Corollary 2.1, there is an edge e in G * , which is not contained in any Hamilton cycle of G * . Since G * is not weakly Hamilton-connected, it is not a complete bipartite
large as possible. Since G * + xy is weakly Hamilton-connected, there is a Hamilton cycle containing the edges e and xy. Then there exists a Hamilton path P in G * containing e with the form xy 1 x 2 y 2 · · · x n y (x = x 1 , y = y n ).
For arbitrary i ∈ I, it must have x i y / ∈ E(G * ). Otherwise, there exists a Hamilton
By (1) and (2),
If
Without loss of generality, assume that
Since for arbitrary i ∈ I, x i y / ∈ G * , and 
Thus there are at least k − 1 vertices with degree no more than k in X not adjacent to y, a contradiction.
Hence, G is weakly Hamilton-connected.
By the proof of Theorem 2.1, the following two corollaries hold: Proof. Sufficiency is obvious.
Necessity is completed by contradiction. Suppose that G is not weakly Hamiltonconnected. Adding some suitable edges to G, we can get a maximal non-weakly Hamiltonconnected bipartite graph G * . By Corollary 2.1, there is an edge e of G * not contained in any Hamilton cycle. Since G + xy is weakly Hamilton-connected, G * + xy is weakly Hamilton-connected. For G * , there is a Hamilton path P in G * containing e with the form xy 1 x 2 y 2 · · · x n y(x = x 1 , y = y n ).
Let I = {i|xy i ∈ E(G * ) and x i y i = e}, then
For arbitrary i ∈ I, x i y / ∈ G * holds. Otherwise, there exists a Hamilton cycle
By (4) and (5),
which leads to a contradiction.
Hence, G is weakly Hamilton-connected. Next, we give another sufficient degree condition to prove a balanced bipartite graph is weakly Hamilton-connected. And Theorem 2.3 is used to prove Theorem 3.1 in Section 3.
Theorem 2.3. Let G = G(X, Y, E) be a balanced bipartite graph of order 2n and degree
Claim: G ′ is a complete bipartite graph.
By contradiction. If G ′ is not complete, then we choose two nonadjacent vertices
There are two cases:
Thus
That is, there are n − k vertices in Y not adjacent to x and at least k − 1 vertices in X not adjacent to y. By the choice of x, for any
there are at least k − 1 vertices with degree no more than k in G ′ .
Since
By the choice of y,
It implies there are exactly n − k vertices with degree less than or equal to n−k + 1 in
, there are at least n−1 vertices with degree less than or equal to
Note that G is a spanning subgraph of
Similarly, we have
Thus G ′ is a complete bipartite graph.
By Corollary 2.4, G is weakly Hamilton-connected.
The proof is finished.
Number of edges and weakly Hamilton-connected bipartite graphs
In this section, we obtain the weakly Hamilton-connected property of bipartite graphs by the number of edges, namely, Theorems 3.1 and 3.2.
Theorem 3.1. Let G = G(X, Y, E) be a bipartite graph with X = {x 1 , x 2 , . . . , x n } and
. If
then G is weakly Hamilton-connected.
Proof. By contradiction. Suppose that G is not weakly Hamilton-connected. By Theo-
Then there are at least t − 1 vertices v 1 , . . . , v t−1 with degree not exceeding t. For any 1 ≤ i ≤ t − 1, the number of edges of G which are not adjacent to v i is at most n(n − t + 1). And the number of edges of G incident to these t − 1 vertices is at most t(t − 1). Thus e(G) ≤ n(n − t + 1) + t(t + 1)
, a contradiction.
Hence G is weakly Hamilton-connected.
Remark 1. Bound (7) is not the best. Let G = Q t n , then e(G) = n(n − t + 1) + t(t − 1) and G is weakly Hamilton-connected.
Next, we present one lemma which is a main tool to prove Theorem 3.2.
Lemma 3.1. Let G = (X, Y, E) be a balanced bipartite graph of order 2n and G = cl B n+2 (G). If n ≥ 2k and e(G) > n(n−k)+k(k +1) for k ≥ 1, then G contains a complete bipartite graph of order 2n
For any x ∈ X 1 and y
Let t be the maximal integer such that K t,t ⊆ G, then t ≥ k + 1.
(1) For any x ∈ X\X 2 , if there exists y ∈ Y 2 such that xy / ∈ E(G), by the definition of
w is adjacent to every vertex in X 2 , which violates the choice of t. Then
< e(G), a contradiction.
Thus t ≥ n − k + 1. Now, let s be the largest integer such that K s,t ⊆ G. Thus s ≥ t.
. Without loss of generality, let
Then for any x ∈ X\X 3 , and any
Thus s + t ≥ 2n − k + 1.
By contradiction. Assume that K n,n−k+1 G, then s ≤ n − 1. By Claim 2,
. By the definition of cl B n+2 (G), for any x ∈ X\X 3 , x is adjacent to every vertex of Y 3 . This implies that s = n, which contradict with s ≤ n − 1.
Finally, we obtain Theorem 3.2 by Lemma 3.1.
n ≥ 2k, and e(G) > n(n − k) + k(k + 1), then G is weakly Hamilton-connected.
Claim: All vertices in Y \Y 1 have the same neighbour set.
By contradiction. If there are two vertices y, y
By the above claim, Q k n ⊆ G ′ . Since Q k n is weakly Hamilton-connected, G ′ is weakly
Hamilton-connected. By Theorem 2.2, G is weakly Hamilton-connected.
Spectral radius and weakly Hamilton-connected bipartite graphs
In Section 4, we give some sufficient conditions for weakly Hamilton-connectedness of bipartite graphs in terms of spectral radius and signless Laplacian spectral radius of G and G.
Denote the minimum degree sum of nonadjacent vertices between different parts
, where X 2 = {x m , x t+1 , . . . , x n }, Y 2 = {y m , y t+1 , . . . , y n }. Let R t n ( Figure 1 ) be the graph obtained by gluing x t with x m and y t with y m , respectively. Let S t n be the graph obtained from R t n by deleting the edge x t y t .
The following lemma is inspired by Ferrara, Jacobson and Powell [8] .
Lemma 4.1. Let G = G(X, Y, E) be a non-weakly Hamilton-connected bipartite graph with X = {x 1 , x 2 , . . . , x n } and Y = {y 1 , y 2 , . . . , y n }. If σ(G) = n + 1, then S where 2 ≤ t ≤ n − 1.
Proof. Adding some suitable edges to G to get a maximal non-weakly Hamilton-connected bipartite graph G * . By Corollary 2.2, σ(G * ) ≤ n + 1. Since σ(G) = n + 1, σ(G * ) = n + 1 holds. By Corollary 2.1, there is an edge e 0 which is not contained in any Hamilton cycle of G * . Note that G * is not weakly Hamilton-connected, then it is not a complete bipartite graph. For two nonadjacent vertices x ∈ X and y ∈ Y with d G * (x) + d G * (y) = n + 1, G * + xy is weakly Hamilton-connected. Thus there is a Hamilton path P with the endpoints x, y in G * , where P contains e 0 with the form xy 1 x 2 y 2 · · · x n y (x = x 1 , y = y n ).
In P , let
For any other Hamilton path P ′ with the endpoints x ′ , y ′ in G * , we similarly define x ′ -pair and y ′ -pair with respect to P ′ .
Let I = {i|1 ≤ i ≤ n − 1, xy i ∈ E(G * ) and x i y i = e 0 }, then for arbitrary i ∈ I,
Otherwise, there exists a Hamilton cycle y i x − → P x i y ← − P y i containing e 0 . Since is y-pair with respect to P . Since there is a Hamilton path
Since S m = {y m , x m } is both an x m+1 -pair and a y m−1 -pair with respect to P 1 , S j = {y j , x j } is either an x m+1 -pair or a y m−1 -pair with respect to P 1 , but not both.
(1) If x m+1 y j ∈ E(G * ), then there is a Hamilton cycle y j ← − P xy m x m ← − P x j+1 y ← − P x m+1 y j containing e 0 = x m y m which is contrary to the hypothesis.
(2) If x j y m−1 ∈ E(G * ), then x m+1 and y j is a pair of nonadjacent vertices in G * which
Since there is a Hamilton path
there exists an integer 1 ≤ k ≤ n such that S k = {y k , x k } is both y j -pair and x m+1 -pair with respect to P 2 . By the above proof, we have k = m. That is, x m y j ∈ G * . Then there is a Hamilton cycle x m y m − → P yx j+1 − → P y m−1 x j ← − P xy j x m , a contradiction.
Thus S 1 , . . . , S m are all x-pairs with respect to P .
(II) S m , . . . , S n are y-pairs with respect to P .
By contradiction. Suppose that there exists j (m ≤ j < n − 1) such that S m , . . . , S j are y-pairs and S j+1 is x-pair. Since there is a Hamilton path P 3 = x j+1 ← − P xy j+1 − → P y which contains e 0 , y is not adjacent to
(1) If there exists 1 ≤ k ≤ j − 1 such that {x k+1 , y k } is both x j+1 -pair and y-pair with respect to P 3 , then there is a Hamilton cycle y k ← − P xy j+1 − → P yx k+1 − → P x j+1 y k , which contains e 0 , a contradiction.
(2) If there exists j +2 ≤ k ≤ n−1 such that {x k , y k } is both x j+1 -pair and y-pair with respect to P 3 , then there is a Hamilton cycle x j+1 ← − P xy j+1 − → P x k y ← − P y k x j+1 which contains e 0 , a contradiction.
Thus S m , . . . , S n are all y-pairs with respect to P .
Hence, S 1 , . . . , S m are x-pairs and S m , . . . , S n are y-pairs with respect to P .
For arbitrary i, j with 1 ≤ i < m < j ≤ n, x i and y j is nonadjacent. Otherwise, there exists a Hamilton cycle x − → P x i y j − → P yx j ← − P y i x, which contains e 0 in G * . Then {x 1 , . . . , x m−1 , y m+1 , . . . , y n } is an independent set.
For arbitrary 2 ≤ i < m, there exists a Hamilton path P ′ = x i ← − P xy i − → P y contains e 0 in G * . By the above claim, for any 1 ≤ l ≤ i − 1 and i + 1 ≤ k ≤ m, {x l , y l−1 } and {x k , y k } are x i -pairs with respect to P ′ . For arbitrary m < j ≤ n − 1, there exists a Hamilton path P ′′ = y j − → P yx j ← − P x contains e 0 in G * . By the above claim, for any m ≤ k ≤ j − 1 and j + 1 ≤ l ≤ n − 1, {x k , y k } and {y l , x l+1 } are y j -pairs with respect to P ′′ . Thus there exists a Hamilton path P ′′′ = x n y n x n−1 y n−1 · · · x 2 y 2 x 1 y 1 contains e 0 in G * .
For arbitrary i, j with 1 ≤ i < m < j ≤ n, x j and y i must be nonadjacent.
Otherwise, x − → P y i x j − → P yx j−1 − → P ′′′ y i+1 x is a Hamilton cycle which contains e 0 in G * . Then {y 1 , . . . , y m−1 , x m+1 , . . . , x n } is an independent set. Since σ(G * ) = n + 1, G * ⊆ R m n holds. And by the assumption on the maximality of G * , we have G * ∼ = R m n . Removing any edge
we obtain a graph with minimum degree sum of nonadjacent vertices less than
The proof is completed.
By direct calculations, we have the following lemma. 
Lemma 4.5. (Li and Ning [13] ) Let G be a graph with nonempty edge set. Then
If G is connected, then the equality holds if and only if G is regular or semi-regular bipartite.
Lemma 4.6. (Li and Ning [13] ) Let G be a graph with nonempty edge set. Then
Theorem 4.1. Let G = G(X, Y, E) be a bipartite graph with |X| = |Y | = n and the
Proof. (1) By Lemmas 4.2 and 4.3,
Then e(G) > n(n − k + 1) ≥ n(n − k) + k(k + 1) with n ≥ k(k + 1). By Theorem 3.2 and Q k n is weakly Hamilton-connected, then G is weakly Hamilton-connected.
(2) By Lemmas 4.2 and 4.4
with n ≥ k(k + 1). By Theorem 3.2 and Q k n is weakly Hamilton-connected, then G is weakly Hamilton-connected. 
For any a pair of nonadjacent vertices x ∈ X and y ∈ Y , by
Then (8) and (9),
the equality holds if and only if
By Lemma 4.5,
And there is an edge xy ∈ E( G ′ ), where
Let F be the complement of G ′ containing xy. By Lemma 4.5, F is a semi-regular bipartite graph with parts X ′ ⊆ X, and Y ′ ⊆ Y .
′ is weakly Hamilton-connected, a contradiction. Then G ′ has at least two nontrivial components. By (8) , every nontrivial complement of G ′ has order at least n − 1. Thus G ′ has only two nontrivial components F, F ′ . For |V (F ′ )|, there are three subcases:
Subcase (a): By (10) and Lemma 4.5, it is easy to get F ′ = K n−k,k−1 .
Subcases (b) and (c): If there exists uv
By (12) and Lemma 4.5,
Thus for any xy ∈ E(
That is, for any two nonadjacent
Then |V (F )| > n − 1. Note that every nontrivial complement of G ′ has order at least n − 1, then G ′ has at most two nontrivial components.
1) If G ′ has only one nontrivial component F , then any two nonadjacent vertices in distinct parts of G ′ has degree sum at least n + 1.
2) If G ′ has only two nontrivial components F, F ′ , then there are three subcases:
Subcases (a) and (b): By (10) and Lemma 4.5,
That is, for any two nonadjacent 
Then
By Lemma 4.6 and (13),
Let F be the complement of G ′ containing xy. By Lemma 4.6, F is a semi-regular bipartite graph with parts X ′ ⊆ X, and Y ′ ⊆ Y .
Case (4.1): F = K n−k,k−1 .
Then |V (F )| = n − 1. If F is the unique nontrivial complement of G ′ , then G ′ = Q k n , which implies that G ′ is weakly Hamilton-connected, a contradiction. By (13) , every nontrivial complement of G ′ has order at least n − 1. Thus G ′ has only two nontrivial components F and 
By (16) Then |V (F )| > n − 1. Note that every nontrivial complement of G ′ has order at least n − 1. Then G ′ has at most two nontrivial components.
1) If G ′ has only one nontrivial component F , then for any two nonadjacent vertices in distinct parts of G ′ has degree sum at least n + 1.
2) If G ′ has only two nontrivial components F and F ′ , then there are three subcases: (1) If n > k(k + 1) and ρ(G) ≥ n(n − k + 1), then G is weakly Hamilton-connected.
(2) If n > k(k + 1) and q(G) ≥ 2n − k + 1, then G is weakly Hamilton-connected.
